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CONTACT MEASURES IN ISOTROPIC SPACES
GIL SOLANES
Abstract. We revisit the contact measures introduced by Firey, and further
developed by Schneider and Teufel, from the perspective of the theory of val-
uations on manifolds. This reveals a link between the kinematic formulas
for area measures studied by Wannerer and the integral geometry of curved
isotropic spaces. As an application we find explicitly the kinematic formula
for the surface area measure in Hermitian space.
1. Introduction
The principal kinematic formula of Blaschke, Santalo´ and Chern states∫
SO(n)
χ(A ∩ gB)dg = ω−1n
n∑
i=0
(
n
i
)−1
ωiωn−iµi(A)µn−i(B), (1)
where χ is the Euler characteristic, and A,B ⊂ Rn are sufficiently nice compact
subsets of Rn (e.g. convex bodies or smooth submanifolds). The integral over the
group of rigid motions SO(n) = SO(n)⋉Rn is performed with respect to the Haar
measure dg, suitably normalized. On the right hand side, the constants ωi denote
the volume of the unit i-dimensional ball, and the functionals µi are the so-called
intrinsic volumes (also known as quermassintegrals or Lipschitz-Killing curvature
integrals). On the space of convex bodies Kn, intrinsic volumes are valuations: a
(real-valued) valuation is a functional ϕ : Kn → R such that
ϕ(K ∪ L) = ϕ(K) + ϕ(L)− ϕ(K ∩ L),
whenever K,L,K ∩ L ∈ Kn. Hadwiger’s characterization theorem states that the
space of continuous SO(n)-invariant valuations is spanned by µ0, . . . , µn. In par-
ticular, this fundamental result yields a simple proof of the principal kinematic
formula for convex bodies.
Recent results by S. Alesker (cf. e.g. [4, 6, 7]) have allowed important progress
in the theory of valuations. This includes, for instance, classification results and
kinematic formulas for tensor-valued valuations (cf. e.g. [18, 31, 32]) and also for
valuations taking values on the space of convex bodies (cf. e.g. [1, 2, 30, 33, 38, 39]).
Another line of research is the determination of kinematic formulas with re-
spect to different groups. Indeed, Alesker has shown that characterization theo-
rems in the style of Hadwiger’s exist also when the group SO(n) is replaced by
any compact group H acting transitively on the unit sphere. More precisely it
was proved in [5] that the space ValH of continuous, translation-invariant and
H-invariant valuations has finite dimension. The connected groups H satisfy-
ing the previous condition were classified in [23, 35]. For some of them, namely
H = SO(n), U(n), SU(n), Sp(2)Sp(1), G2, Spin(7), a basis of the space Val
H has
been constructed (cf. [7, 11, 12, 19]). For the rest of groups, namely H =
Sp(n), Sp(n)U(1), Sp(n)Sp(1), Spin(9), only the dimension of ValH is known (cf.
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[13, 22]). Let us mention that the case of non-compact isotropy groups is also
interesting and has been studied (cf. [10, 15, 34]).
As in the classical case, the fact that ValH has finite dimension for any compact
group H acting transitively on the unit sphere implies the existence of kinematic
formulas in the style of (1) with respect to H . The actual computation of these
formulas is a difficult problem, which has been recently solved in all cases where a
basis of ValH is known [11, 12, 13, 16, 20]. This was possible thanks to an algebraic
approach developed by Bernig and Fu [16] and based on the product of valuations
discovered by Alesker [8].
More recently, Alesker developed a theory of valuations on smooth manifolds (cf.
[9] and the references therein). By a previous result of Fu [26], it turns out that
kinematic formulas, expressible in terms of such valuations, exist in any Riemannian
isotropic space. Such a space is a Riemannian manifoldM together with a group G
acting on M by isometries, and such that the induced action on the sphere bundle
SM is transitive. The precise statement is the following: given a basis ϕ1, . . . , ϕd
of the space V(M)G of G-invariant valuations on M (cf. Definition 2), there exists
k(χ) =
∑
ij
cijϕi ⊗ ϕj ∈ V(M)
G ⊗ V(M)G
such that ∫
G
χ(A ∩ gB)dg =
∑
i,j
cijϕi(A)ϕj(B) = k(χ)(A,B).
In fact there exist analogous formulas k(ϕ) for any G-invariant valuation ϕ, which
yields a map k : VG(M) → VG(M) ⊗ VG(M). Furthermore, there are local ver-
sions of the notion of valuation called curvature measures, which assign, to each
sufficiently nice compact set, a signed Borel measure supported on that set (cf.
Definition 2). Also at this local level, kinematic formulas exist in any Riemannian
isotropic space by the results of [26]. These local kinematic formulas can be en-
coded by a linear map K : C(M)G → C(M)G ⊗ C(M)G, where C(M)G stands for
the space of G-invariant curvature measures of M .
The complete list of Riemannian isotropic spaces (M,G) was obtained by Tits
[41, §4D]. If G is connected, it is the following: first one has M = V , a Euclidean
affine space, and G = H ⋉ V , where H ≤ SO(V ) is a subgroup acting transitively
on the unit sphere S(V ). In the next cases, M is a rank one symmetric space,
and G is the identity component of the isometry group. Finally, there are some
exceptional spaces, namelyM = S6 or RP6 with G = G2, and M = S
7 or RP7 with
G = Spin(7). Except for the classical case of the real space formsM = RPn, Sn,Hn,
the determination of the principal kinematic formulas in curved isotropic spaces is a
challenge. Only very recently it has been possible to compute k(χ) in the complex
space forms CPn,CHn (cf. [17]). The approach was again algebraic and made
use of a module structure on the space of curvature measures over the algebra
of valuations. Another important tool was the so-called transfer principle which
roughly states that the local kinematic formulas are the same on all spaces with
the same isotropy group.
In the flat case, there is a second type of kinematic formula which involves the
Minkowski addition instead of the intersection of sets. In this case, integration
is performed over the isotropy group. For instance, for K,L convex bodies in
Euclidean space∫
SO(n)
vol(K + hL)dh = ω−1n
n∑
i=0
(
n
i
)−1
ωiωn−iµi(K)µn−i(L).
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These additive kinematic formulas admit a localization in terms of area measures,
which attach a signed measure on the sphere to each convex body (cf. Definition
3). This was proved by Schneider [37] for the group SO(n), and more recently by
Wannerer [44] for any compact groupH acting transitively on the unit sphere Sn−1.
For instance, for the classical surface area measure Sn−1, there exist constants
cij such that, for every pair K,L of convex bodies, and for any Borel domains
U, V ⊂ Sn−1, one has
A(Sn−1)(K,U,L, V ) :=
∫
H
Sn−1(K + hL,U ∩ hV )dh =
∑
i,j
cijΦi(K,U)Φj(L, V ),
where Φ0, . . . ,Φd is a basis of the space Area
H of H-invariant area measures; i.e.
A(Sn−1) ∈ Area
H ⊗ AreaH . In the classical case H = SO(n) this formula was
explicitly obtained by Schneider [37]. In the unitary case H = U(n) all local
additive kinematic formulas, encoded by a map A : AreaH → AreaH ⊗AreaH , have
been obtained by Wannerer (cf. [44]). This difficult task was accomplished thanks
to a new approach based on tensor valued valuations. For the other groups acting
transitively on spheres these formulas are still to be found.
Our main result is the following relation between the principal kinematic formula
k(χ) in a curved isotropic space (M,G) and the local additive kinematic formula
A(Sn−1) in the affine isotropic space with the same isotropy group. The precise
definition of the maps glob, δ, ρ will be given in Section 2.
Theorem 1. Let (M,G) be a Riemannian isotropic space with isotropy group H,
and let (F,H ⋉ F ) denote an affine isotropic space with the same isotropy group.
Let δ : V(M) → C(M) be the first variation map introduced in [16], and let glob :
C(M) → V(M) be the globalization map obtained by evaluation of measures on
the whole space. There is a natural inclusion ρ : AreaH → C(M)G of the space of
invariant area measures of F into the space of invariant curvature measures of M ,
such that
(δ ⊗ id)k(χ) = (ρ⊗ (glob ◦ρ ◦ r))A(Sn−1), (2)
where r is the involution of AreaH given by r(Φ)(K,U) = Φ(−K,−U).
We believe that equation (2) will be useful in the determination of kinematic
formulas of curved spaces. Indeed, after [16] and [44] there are many tools available
for the computation of kinematic formulas in affine spaces. Hence, equation (2)
could in principle be used to solve for k(χ) after computing A(Sn−1).
On the other hand, one can also use (2) in the opposite direction; i.e. to deduce
A(Sn−1) from the knowledge of k(χ). Indeed, in Section 5 we use the results of
[17] to compute the local additive kinematic formula for the surface area measure
in the complex space Cn under the action of U(n) (see Theorem 13). An algorithm
to find this formula (among many others) was already given in [44], but our results
are more explicit. Another approach to these formulas, giving also explicit results,
has been recently developed by Bernig in [14].
The proof of Theorem 1 is based on the notion of contact measure, which was
introduced by Firey [25] for convex sets in Euclidean space, and was extended by
Teufel to homogeneous spaces [40]. The geometric idea behind this notion is to
measure the set of positions in which a moving body touches another one tangen-
tially. Here we give a new construction of contact measures which is equivalent to
the classical ones, but is better adapted to the language of valuations. Then, we
show a transfer principle which relates the contact measures of different isotropic
spaces with the same isotropy group. Together with a classical result of Schneider
on contact measures in flat spaces (cf. [37]), this yields our main result.
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2. Background
2.1. Valuations, curvature measures and area measures. It is known that
kinematic formulas apply to many different classes of sets, including sets of positive
reach, subanalytic sets, or the recently studied WDC sets (cf. [29]). For simplicity
we will work here with the class of simple smooth polyhedra also called submanifolds
with corners (see [28, Definition 3.1]). We denote by P(M) the class of compact
simple smooth polyhedra in a manifold M . Each A ∈ P(M) admits a normal cycle
N(A) which consists of the set of outer normal vectors of A. As a subset of the
sphere bundle SM of unit tangent vectors to M , the normal cycle is a finite union
of relatively compact smooth submanifolds and defines a closed Legendrian current.
Definition 2. A (smooth) valuation on a Riemannian manifold M is a functional
µ : P(M)→ R of the form
µ(A) =
∫
N(A)
ω +
∫
A
η
where ω ∈ Ωn−1(SM), η ∈ Ωn(M) are fixed differential forms. We denote by
V(M) the space of valuations of M . We also denote by Val(F ) the space of smooth
translation-invariant valuations on an affine space F .
A (smooth) curvature measure on M is a functional that assigns, to each A ∈
P(M) a signed Borel measure Φ(A, ·) of the form
Φ(A,U) =
∫
N(A)∩π−1U
ω +
∫
A∩U
η, U ⊂M,
where ω ∈ Ωn−1(SM), η ∈ Ωn(M) are fixed, and π : SM → M is the bundle
projection. We denote by C(M) the space of curvature measures of M . We also
denote by Curv(F ) or just by Curv the space of translation-invariant curvature
measures on an affine space F .
There is an obvious map glob : V(M) → C(M) called globalization map, which
is given by glob(Φ)(A) = Φ(A,M).
When the ambient manifold is a Euclidean affine space F , the sphere bundle
SF is the cartesian product of F with the unit sphere S(F ). Then, it makes sense
to localize valuations using area measures instead of curvature measures. In this
setting it is natural to assume translation invariance, and to consider the space
K(F ) of convex bodies instead of P(F ).
Definition 3. An area measure on an n-dimensional Euclidean affine space F
assigns, to each K ∈ K(F ), a signed Borel measure Ψ(K, ·) on the unit sphere
S(F ) of the form
Ψ(K,U) =
∫
N(K)∩π−1
S
U
ω, U ⊂ S(F ),
where ω ∈ Ωn−1(SF ) is a fixed translation-invariant differential form, and πS is
the projection of SF = F × S(F ) on the second factor. We denote by Area(F ) or
just by Area the space of area measures of F .
A classical example of an area measure is the so-called surface area measure Sn−1
which corresponds to ω ∈ Ωn−1(SF ) given by
ωξ = ιπS(ξ)π
∗(d vol), ξ ∈ SF,
where d vol stands for the volume element of F .
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There is a well defined injection i : Area(F )→ Curv(F ) such that, for any K ∈
K(F ) with smooth positively curved boundary,
i(Ψ)(K,U) = Ψ(K, γK(U ∩ ∂K)), U ⊂ F,
where γK : ∂K → S(F ) is the Gauss map of ∂K (cf. [44]). Moreover, if H is a linear
group acting transitively on S(F ), and G = H ⋉ F , then i : AreaH → Curv(F )G
and has cokernel of dimension one.
2.2. Transfer map. Let us recall the transfer map introduced in [17]. We consider
specifically the case of G-invariant curvature measures in an isotropic space (M,G).
Fix ξ ∈ SM , and let K be the subgroup of elements of G fixing ξ (i.e. the isotropy
group of ξ with respect to the action of G on SM). Let x = π(ξ) ∈M and denote
by H the isotropy group of x. Putting F = TxM , one can identify the G-invariant
differential forms of SM with the H⋉F -invariant differential forms of SF through
Ω∗(SM)G ∼= (Λ∗T ∗ξ SM)
K ∼=
(
Λ∗(F ∗ ⊕ (ξ⊥)∗)
)K ∼= Ω∗(SF )H⋉F . (3)
In the middle step we used the decomposition
TξSM = Tπ(ξ)M ⊕ ξ
⊥ (4)
induced by the Levi-Civita connection of M . As shown in [17, Proposition 2.5], the
identification (3) induces a linear isomorphism
τ : Curv(F )H −→ C(M)G
from the space of H-invariant, translation-invariant curvature measures of F to the
space of G-invariant curvature measures of M . The inclusion ρ : AreaH → C(M) in
Theorem 1 is simply defined by ρ = τ ◦ i.
2.3. First variation. The first variation of valuations in a Riemannian manifold
M was described in [16] by a map
δ : V(M)→ C(M)
such that, for any smooth regular domain A ⊂ M and any smooth 1-paramater
family of diffeomorphisms {φt} of M one has
d
dt
µ(φt(A)) =
∫
∂A
〈
νA(x),
∂φt
∂t
(x)
〉
δµ(A, dx), (5)
where νA denotes the outward pointing unit normal vector field to ∂A. The differ-
ential forms defining the curvature measure δµ can be obtained from those definig
the valuation µ by means of the so-called Rumin differential (cf. [21, 36]).
For an affine space F , an area measure valued version of the first variation map
was introduced in [43] as the map
δA : Val(F )→ Area(F )
such that δ|Val = i ◦ δA.
3. Contact measures
Contact measures were introduced by Firey [25] for convex sets in Euclidean
space, and by Teufel [40] for submanifolds in homogeneous spaces. Our construction
is essentially equivalent to those, but is more adapted to the language of valuations
that has been surveyed above. The geometric idea remains the same: to measure
the set of positions in which a moving body touches another one.
Let (M,G) be a Riemannian isotropic space. This means that G is a connected
Lie group acting isometrically on the Riemannian manifold M , and such that the
induced action on SM is transitive.
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Consider E = SM ×G and the double fibration
E
p
yytt
tt
tt
tt
tt
q

❅❅
❅❅
❅❅
❅❅
SM × SM G
given by p(η, g) = (gη, η) and q(η, g) = g. Note that q(p−1(ξ, η)) is the set of g ∈ G
such that gη = ξ.
In the following we denote by π the bundle projection of SM onto M , and
π1, π2 : SM × SM → SM will be the projections onto each factor.
We normalize the Haar measure of G as in [17, (2.21)]. We also fix an orientation
on G and let dg be the volume form associated to the Haar measure with the chosen
orientation. Define
κ = −ιT1p∗q
∗dg ∈ Ω2n−2(SM × SM), (6)
where T1 is the vector field in SM × SM given by T1(ξ, η) = (T (ξ), 0), and T is
the vector field on SM which generates the geodesic flow in SM . We are taking on
SM the same orientation as in [28, §3.1.1] and the product orientation wherever it
applies. For push-forwards we follow the same convention as in [28, §2]. For the
preimage of a submanifold by a submersion, we take the orientation specified in
[28, §2.1.3].
Let s be the involution ξ 7→ −ξ in SM . Given B ∈ P(M) we will consider
both N(B) and s(N(B)). On N(B) we take the orientation described in [28, §3.2],
and we orientate s(N(B)) so that s|N(B) is orientation reversing. If B is a regular
domain with smooth boundary ∂B = C, and N(B)∪s(N(B)) is naturally identified
with the boundary of a tubular neigborhood Cǫ around C, then the orientations
we have taken correspond to the one induced by Cǫ on its boundary.
Definition 4. The contact measure of an isotropic space (M,G) is the element
b ∈ C(M)G ⊗ C(M)G given by
b(A,U,B, V ) =
∫
(N(A)∩π−1U)×s(N(B)∩π−1V )
κ,
where A,B ∈ P(M) and U, V ⊂M are Borel sets.
The geometric meaning of contact measures is the following: b(A,U,B, V ) mea-
sures the set of positions in which a copy of B moving under G touches A in such
a way that the contact occurs at points of U, V respectively. This interpretation is
already implicit in the previous construction but will be more clear after Corollar-
ies 6 and 7. The negative sign in (6) is taken so that contact measures on pairs of
locally convex sets are positive (cf. Corollary 10).
Recall that SM is endowed with a canonical contact form α given by αξ = 〈dπ, ξ〉.
A submanifold P of SM is called Legendrian if α|P ≡ 0. A vector field Y in SM
is called a contact vector field if LY α = fα for some function f . For instance, the
vector field T associated to the geodesic flow is a contact vector field as
α(T ) = 1, LTα = 0.
Moreover, these two conditions characterize T as the Reeb vector field correspond-
ing to α. Note also that the image of a Legendrian submanifold under the flow
associated to a contact vector field is also Legendrian. Given a vector field X in
M there is a unique contact vector field Xc in SM , called complete lift of X , such
that dπXc = X (cf. [42]).
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In the following we denote by A · B the algebraic intersection of two oriented
submanifolds A,B of complementary dimension intersecting transversely (cf. e.g.
[24]).
Proposition 5. Let P,Q ⊂ SM be smooth, oriented, Legendrian and relatively
compact submanifolds of dimension n− 1. Let Y be a contact vector field on SM
transverse to P , and denote by φt the associated flow. Consider the submanifolds
Pt = φt(P ) and R =
⋃
0<t<r Pt for small r. Choose on R the orientation induced
by φ : (0, r)× P → R. Then∫
G
R · gQ dg = (−1)n−1
∫ r
0
[∫
Pt×Q
π∗1(α(Y ))κ
]
dt.
Proof. Let O = R×Q ⊂ SM × SM . Then
p−1(O) · q−1(g) = (−1)dimGq−1(e) · p−1(R× gQ)
= (−1)dimGp(q−1(e)) · (R × gQ)
= (−1)nR · gQ. (7)
In the first line we applied the orientation preserving diffeomorphism of SM × G
given by (ξ, h) 7→ (gξ, hg−1). The second line follows from [28, (2.4)]. The third line
follows since p(q−1(e)) is the diagonal ∆ in SM×SM , with the orientations differing
by a factor (−1)dimG, and it is a general fact that ∆ · (A×B) = (−1)dimAA ·B. By
the coarea formula (cf. e.g. [28, (2.3)]) and the defining relation of push-forward
(cf. [28, (2.6)]), ∫
G
p−1(O) · q−1(g) dg =
∫
p−1O
q∗dg =
∫
O
p∗q
∗dg. (8)
We will see in the proof of Proposition 9 that p∗q
∗dg = (π∗2α− π
∗
1α)∧κ. Putting
ψ(t, ξ, η) = (φt(ξ), η), we have O = ψ([0, r]× P ×Q), so∫
O
p∗q
∗dg =
∫
O
(π∗2α− π
∗
1α) ∧ κ
= −
∫
O
π∗1α ∧ κ
= −
∫
[0,r]×P×Q
ψ∗(π∗1α ∧ κ)
= −
∫ r
0
(∫
Pt×Q
π∗1(α(Y ))κ
)
dt, (9)
since Q and all the Pt are Legendrian. The result follows from (7), (8), and (9). 
Note that Proposition 5 applies also to the case where P,Q are (Borel domains
inside) normal cycles of smooth polyhedra. Indeed, for A ∈ P(M), the normal
cycle N(A) is a finite union of smooth relatively compact submanifolds of SM .
Corollary 6.
(δ ⊗ id)k(χ) = (id⊗ glob)b. (10)
Proof. Given B ∈ P(M), we consider µB = k(χ)( · , B) and need to show δµB =
b( · , · , B,B) as curvature measures. Given a regular domain A and a vector field
X , by (5)
d
dt
∣∣∣∣
t=0
µB(At) =
∫
∂A
〈νA(x), X(x)〉δµB(A, dx),
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where At denotes the image of A under the flow associated to X . On the other
hand ∫
∂A
〈νA(x), X(x)〉b(A, dx,B,B) =
∫
N(A)×s(N(B))
π∗1(α(Y ))κ,
where Y = Xc is the complete lift of X to SM . Hence, we need to prove
d
dt
∣∣∣∣
t=0
µB(At) =
∫
N(A)×s(N(B))
π∗1(α(Y ))κ.
It is enough to consider the case when 〈X, ξ〉 > 0 as any vector field can be put as
a difference of two such X . In this case, for almost every g ∈ G (see [28, Lemma
3.6] with another sign because we oriented s(N(B)) differently)
χ(Ar ∩ gB)− χ(A ∩ gB) = (−1)
n−1s(N(gB)) ·
⋃
0<t<r
N(At).
Hence, the result follows from Proposition 5 with P = N(A), Q = s(N(B)). Indeed,
in this case φt(N(A)) = N(At). 
It is interesting to notice that Corollary 6 can also be obtained from [28, Theorem
6.3] by J. Fu. Let us note however that the factor (−1)n in the statement of that
theorem should be removed, as it disappears in the last but one equality of the
proof. Taking this into account, Fu’s theorem implies that δµB is given by
δµB(A,U) =
∫
N(A)∩π−1U
iT s
∗ωB
where ωB ∈ Ω
n(SM) is such that∫
SM
β ∧ ωB =
∫
G
(∫
N(gB)
β
)
dg, ∀β ∈ Ωn−1c (SM).
Let rB : SM×N(B)→ SM be the projection on the first factor, and let jB : SM×
N(B) → SM × SM be the inclusion. By [28, (2.2)], and taking care of the orien-
tation conventions, we have∫
SM
β ∧ (rB)∗(j
∗
Bp∗q
∗dg) =
∫
SM×N(B)
r∗Bβ ∧ j
∗
Bp∗q
∗dg
= (−1)n
∫
N(B)×G
(rB ◦ p)
∗β ∧ q∗dg.
Since ∫
N(B)×G
(rB ◦ p)
∗β ∧ q∗dg =
∫
G
(∫
N(gB)
β
)
dg,
we see that ωB can be explicitly presented as
ωB = (−1)
n(rB)∗j
∗
Bp∗q
∗dg ∈ Ωn(SM).
Since s : N(A) → s(N(A)) reverses orientations, and (s ⊗ s)∗κ = (−1)n−1κ by
Proposition 9, we have
δµB(A,U) = (−1)
n
∫
N(A)∩π−1U
iT (s
∗(rB)∗j
∗
Bp∗q
∗dg)
= (−1)n
∫
N(A)∩π−1U
s∗(rB)∗j
∗
Bκ
= (−1)n−1
∫
s(N(A)∩π−1U)×N(B)
κ
= b(A,U,B,B),
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which is the content of Corollary 6.
A further consequence of Proposition 5 is the following.
Corollary 7. Let (F,H ⋉ F ) be a Euclidean affine isotropic space with isotropy
group H. Let b0 ∈ Curv ⊗ Curv be the contact measure on this space. Let K,L be
convex bodies in F with smooth positively curved boundary and U, V Borel sets in
the unit sphere S(F ). Given r > 0 let mr(K,U,L, V ) be the Haar measure of the
set of g ∈ H ⋉ F such that
min{|y − x| : x ∈ K, y ∈ gL} = |y0 − x0|
for some x0 ∈ K, y0 ∈ gL with |y0−x0| < r and (y0−x0)/|y0−x0| ∈ U∩s(gV ).Then
d
dr
∣∣∣∣
r=0
mr(K,U,L, V ) = b0(K, γ
−1
K U,L, γ
−1
L V ),
where γK , γL are the Gauss maps of ∂K, ∂L respectively.
Proof. Let Kt denote the parallel body to K at distance t. Clearly mr(K,U,L, V )
measures the set of g such that s
(
N(gL) ∩ π−1S gV
)
intersects some N(Kt)∩ π
−1
S U
with 0 < t < r. Hence,
mr(K,U,L, V ) = (−1)
n−1
∫
H⋉F
s
(
N(gL) ∩ π−1S (gV )
)
·
⋃
0<t<r
N(Kt) ∩ π
−1
S (U)dg.
The result follows from Proposition 5 with Y = T , the Reeb vector field, P =
N(K) ∩ π−1S U , and Q = s(N(L) ∩ π
−1
S V ). 
The following proposition shows the relation between contact measures and the
kinematic formula for the surface area measure in affine isotropic spaces (cf. [44]).
This connection was originally established by Schneider [37] for H = SO(n).
Proposition 8. Let (F,H⋉F ) be a Euclidean affine n-dimensional isotropic space
with isotropy group H. Let b0 ∈ Curv⊗Curv be the contact measure on this space.
Consider the canonical injection i : Area →֒ Curv, and the involution r : Area →
Area given by r(Φ)(K,U) = Φ(−K,−U). Then
(i ⊗ (i ◦ r))A(Sn−1) = b0. (11)
Equivalently, given convex bodies K,L ⊂ F , and Borel domains U, V ⊂ S(F ) on
the unit sphere
A(Sn−1)(K,U,−L,−V ) =
∫
(N(K)∩π−1
S
U)×s(N(L)∩π−1
S
V )
κ, (12)
where πS is the projection of SF = F × S(F ) to the second factor.
Proof. It was shown by Schneider (see [37, (3.4)]) that
d
dr
∣∣∣∣
r=0
mr(K,U,L, V ) = A(Sn−1)(K,U,−L,−V ).
In fact, only the case H = O(n) is considered in [37] but the proof works verbatim
for anyH acting transitively on the sphere. By Corollary 7, this shows (12) forK,L
with smooth positively curved boundary. For general convex bodies, the equation
follows by the continuity of normal cycles (cf. e.g. [27, Theorem 2.2.1]). 
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4. Transfer principle
Here we compute the form κ explicitly. The resulting expression shows that
contact measures of different spaces with the same isotropy group can be identified
with each other through the transfer map. In turn, this reveals a connection be-
tween the principal kinematic formulas in a curved isotropic space, and the additive
kinematic formula for the surface area measure in the corresponding affine space,
which is our main result.
Proposition 9. Given ξ ∈ SM , let ξ, e1, . . . en−1 be an orthonormal basis of TπξM .
Let θi = 〈dπ, ei〉, and ϕi = 〈∇, ei〉, where ∇ is the projection onto the second
component of the decomposition TξSM = TπξM ⊕ ξ⊥ induced by the Levi-Civita
connection. Then, for any h ∈ G
κ(ξ,h−1ξ) =
1
nωn
∫
K
n−1∧
i=1
(π∗1θi − π
∗
2(kh)
∗θi) ∧
n−1∧
j=1
(π∗1ϕj − π
∗
2(kh)
∗ϕj)dk, (13)
where K denotes the isotropy group of ξ with its Haar probability measure dk, and
π1, π2 : SM × SM → SM are the projections on each factor.
Proof. Let φ : G → SM be given by φ(g) = gξ, and let γ : U → G be such
that φ ◦ γ = id on an open neighborhood U of ξ, and γ(ξ) = e. Then a local
trivialization U × h−1U ×K ∼= E|U×h−1U of p is given by (ζ, η, k) 7→ (η, ψ(ζ, η, k))
with ψ(ζ, η, k) = γ(ζ)kγ(hη)−1h. Denoting by π1, π2, πK the projections onto the
factors of U × h−1U ×K, and by Lg, Rg the left and right translations on G, we
have
(dψ)(ξ,h−1ξ,k) = dRkh(dγ)ξdπ1 − dLkdRh(dγ)ξ(dh)h−1ξdπ2 + dRhdπK .
The decomposition TeG ≡ TξM ⊕ ξ⊥ ⊕ TeK yields the following expression for the
volume form of G at e, which is fixed according to the orientation taken in G,
(dg)e =
−1
nωn
φ∗(〈dπ, ξ〉) ∧
n−1∧
i=1
φ∗θi ∧
n−1∧
j=1
φ∗ϕj ∧ dk.
The negative sign is taken so that the volume form dk induces the correct orien-
tation on the fibers of p; that is, so that the previous local trivializations preserve
orientations. Hence,
(ψ∗dg)(ξ,h−1ξ,k) = (dψ(ξ,h−1ξ,k))
∗(dR(kh)−1 )
∗(dg)e =
=
−1
nωn
(π∗1α− π
∗
2α) ∧
n−1∧
i=1
(π∗1θi − π
∗
2(kh)
∗θi) ∧
n−1∧
j=1
(π∗1ϕj − π
∗
2(kh)
∗ϕj) ∧ π
∗
Kdk
and equation (13) follows. 
Corollary 10. Given smooth regular domains A,B ⊂ M , let SA, SB be the shape
operators of ∂A, ∂B corresponding to the exterior normal fields νA, νB. Fix ξ ∈ SM ,
and let h = h(x, y) ∈ G be such that h · νB(y) = s(νA(x)). Then
b(A,U,B, V ) =
1
nωn
∫
∂A∩U
∫
∂B∩V
∫
Kx
det((SA)x+d(kh)◦(SB)y◦d(kh)
−1)dkdydx,
(14)
where Kx stands for the isotropy group of νA(x), endowed with the Haar probability
measure dk, and dx, dy are the volume elements of ∂A, ∂B respectively.
The previous expression was already obtained by Teufel in [40]. This confirms
that b coincides, on smooth domains and up to normalization, with the contact
measure introduced there.
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Proof. By (13), the contact measure b(A, ·, B, ·) is given by a differential form on
∂A× ∂B whose value at (x, y) is
(νA × sνB)
∗κ =
1
nωn
∫
Kx
∧
i
(ν∗Aθi − ν
∗
B(kh)
∗θi) ∧
∧
j
(ν∗Aϕj + ν
∗
B(kh)
∗ϕj)dk (15)
Putting σi = 〈·, ei〉, we have
ν∗Aθi = σi, ν
∗
B(kh)
∗θi = (kh)
∗σi =
∑
j
σi(kej)h
∗σj ,
ν∗Aϕi = S
∗
Aσi, ν
∗
B(kh)
∗ϕi = (khSB)
∗σi =
∑
j
σi(d(kh)SB dh
−1 ej)h
∗σj .
It follows that the integrand in (15) equals
det
(
id −k
SA d(kh)SB dh
−1
)∧
i
σi ∧
∧
j
h∗σj
= det
(
id − id
SA d(kh)SB d(kh)
−1
)
dx ∧ dy
= det
(
SA + d(kh)SBd(kh)−1
)
dx ∧ dy.

Proposition 11. Let (M,G) be a Riemannian isotropic space with isotropy group
H, and let (F,H ⋉ F ) be the affine isotropic space with the same isotropy group.
The respective contact measures b and b0 of M and F are identified with each other
by
b = (τ ⊗ τ)b0.
Proof. Recalling that τ is induced by (3), the relation follows from (13). 
We are finally able to prove Theorem 1 which we restate as follows.
Corollary 12. Let (M,G) be an isotropic space with isotropy group H, and let
(F,H⋉F ) be the affine isotropic space with the same isotropy group. The principal
kinematic formula k(χ) of M is related to the additive kinematic formula A(Sn−1)
of the surface area measure of F through
(δ ⊗ id)k(χ) = (id⊗ glob) ◦ ((τ ◦ i)⊗ (τ ◦ i ◦ r))A(Sn−1). (16)
Proof. This follows from (10), (11) and Proposition 11. 
Recalling the classification of isotropic spaces (cf. [41, §4D]), one realizes that
in most cases r is superfluous in (16). Indeed, except for the exceptional spaces
(S6, G2), (RP
6, G2), (S
7, Spin(7)) and (RP7, Spin(7)), all the non-flat isotropic spaces
are symmetric; i.e. the reflection about any point belongs to the isotropy group, in
which case r can be omitted in equation (16).
5. Hermitian contact measures
As an application of Theorem 1 we will use (16) and the results of [17] to deter-
mine the contact measure b, and equivalently the kinematic formula for the surface
area measure A(S2n−1), in Hermitian space C
n. In fact, an algorithm to find such
formulas was already given in [44], but our expressions are a bit more explicit. On
the other hand, the results of [44] include many invariant area measures that seem
out of reach by our approach.
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Let AreaU(n) denote the space of U(n)-invariant area measures in Cn. A basis
of the vector space AreaU(n) was determined in [43] and consists of two distinct
families {∆k,q} ∪ {Nk,q} with the following range of indices:
∆k,q, 0, k − n ≤ q ≤ k/2 ≤ n
Nk,q, 0, k − n < q < k/2 ≤ n.
We refer to [43] for the definition of these area measures. Their main property is
the following. Let glob : AreaU(n) → ValU(n) be the globalization map given by
glob(Θ)(A) = Θ(A,S2n−1). Then
glob(Nk,q) = 0, glob(∆k,q) = µk,q,
where µk,q denote the so-called Hermitian intrinsic volumes, a basis of Val
U(n)
introduced in [16].
Another important family in AreaU(n) is
Bk,q = ∆k,q +Nk,q, 0, k − n < q < k/2 ≤ n (17)
Bk,q = ∆k,q , max{0, k − n} = q ≤ k/2 ≤ n. (18)
For k 6= 2q this coincides with the notation used in [17], and [43], but it must be
noticed that B2q,q was instead denoted by Γ2q,q there. This little departure will
simplify some expressions.
It will be useful to consider the map ℓB : Val
U(n) → AreaU(n) given by ℓB(µk,q) =
Bk,q. Note that glob ◦ℓB = id. Also, we will decompose the first variation operator
δA : Val
U(n) → AreaU(n) introduced in [43], as δA = δB+δN with δB = ℓB ◦glob◦δ.
Explicitly (cf. [16, Proposition 4.6]),
δB(µk,q) = cn,k,q
(
2(k − 2q)
cn,k−1,q
Bk−1,q +
q
cn,k−1,q−1
Bk−1,q−1
)
δN (µk,q) = cn,k,q
(
(k − 2q)2(2n− k + 1)
cn,k−1,q(n− k + q + 1)
Nk−1,q −
q(2n− k + 1)
cn,k−1,q−1
Nk−1,q−1
)
,
where
cn,k,q =
1
q!(n− k + q)!(k − 2q)!ω2n−k
.
With all this notation at hand, the kinematic formula for the surface area mea-
sure in Cn is explicitly given as follows. Recall that the principal kinematic formula
k(χ) of Cn was computed in [16].
Theorem 13. The additive kinematic formula A(S2n−1) for the surface area mea-
sure S2n−1 in (C
n, U(n) ⋉ Cn) is obtained from the principal kinematic formula
k(χ) of this space by
A(S2n−1) = (δA ⊗ ℓB + ℓB ⊗ δN )k(χ).
The idea of the proof is to use (16), and the principal kinematic formula kλ(χ)
of CPnλ, the complex space form of constant holomorphic curvature 4λ, computed
in [17]. Indeed, the globalization map from CurvU(n) to the space Vλn of isometry
invariant valuations in CPnλ has a different kernel for each value of λ. In fact, these
kernels are in direct sum, so the knowledge of kλ(χ) for different λ is enough to
recover A(S2n−1).
The proof of Theorem 13 will be easy once we have established the following.
Proposition 14. Let B = span{Bkq} and N = span{Nkq}. Then
A(S2n−1) ∈ (B ⊗ B)⊕ (B ⊗N )⊕ (N ⊗ B)
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Proof. Since clearly A(S2n−1) ∈ Sym
2(AreaU(n)), let us write
A(S2n−1) =
∑
k,q,p
akqpBk,q ⊗Bk′,p +
∑
k,q,p
bkqpBk,q ⊙Nk′,p +
∑
k,q,p
ckqpNk,q ⊗Nk′,p,
where ⊙ denotes the symmetric product and k′ = 2n − k − 1. We need to show
that all ckqp = 0.
Let τλ be the transfer map from Curv
U(n) to the space Cλn of invariant curvature
measures in CPnλ, and let
gλ : Area
U(n) i−→ CurvU(n)
τλ−→ Cλn
glob
−→ Vλn
that is gλ(Φ)(P ) = τλ(i(Φ))(P, P ). In terms of the basis {µλk,q} of V
λ
n used in [17],
the map gλ is given by (cf. [17, Lemma 3.3, Definition 3.7, and Lemma 3.9])
gλ(Nk,q) = −λ
q + 1
π
µλk+2,q+1,
gλ(Bk,q) = µ
λ
k,q, k 6= 2q
gλ(B2q,q) = µ
λ
2q,q − λ
q + 1
π
µλ2q+2,q+1.
Hence, modulo B ⊗ Vλn,
(id⊗gλ)A(S2n−1) ≡
∑
k,q,p
bkqpNk′,p ⊗ µ
λ
k,q −
λ
π
∑
q,p
(q + 1)b2q,q,pN2n−2q−1,p ⊗ µ
λ
2q+2,q+1
−
λ
π
∑
k,q,p
ckqp(p+ 1)Nk,q ⊗ µ
λ
k′+2,p+1. (19)
For λ > 0 and 0 ≤ q ≤ n, let Pλ be a totally geodesic complex subspace of CPnλ
of complex dimension q. Since (see the proof of Propostion 5.2 in [17])
µλk,p(Pλ) = δk,2qδp,q
πq
λqq!
,
one has
lim
λ→0
λq(id⊗gλ)A(S2n−1)(·, Pλ) ≡
πq
q!
∑
p
b2q,q,pN2n−2q−1,p (20)
modulo B.
We denote by δλ : V
λ
n → Curv
U(n) the first variation operator in CPnλ composed
with τ−1λ . By (16), since r = id on Area
U(n) as − id ∈ U(n),
(δλ ⊗ id)kλ(χ) = (i ⊗ gλ)A(S2n−1). (21)
However, by [3, Corollary 4.5], we know that
(δλ ⊗ id)kλ(χ)(·, Pλ) ∈ B. (22)
Comparing (21),(20) and (22) shows that b2q,q,p = 0 for all q, p.
On the other hand, the principal kinematic formula in CPnλ has the form
kλ(χ) =
∑
dk,q,pµ
λ
k,q ⊗ µ
λ
k′,p,
for certain constants dk,q,p independent of λ (cf. Theorem 3.19 [17]). Also δλ is
known explicitly and has the form (cf. [3, Proposition 3.7])
δλ(µ
λ
k,q) = δ0(µk,q) + λek,qi(Bk+1,q) + λfk,qi(Bk+1,q+1).
for some ek,q, fk,q. Together with (21), the last two relations give
(i⊗ gλ)A(S2n−1) =
∑
dk,q,pδ0(µk,q)⊗ µ
λ
k′,p + λ
∑
d′k,q,pi(Bk+1,q)⊗ µ
λ
k′,p (23)
for certain constants d′k,q,p.
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By comparing the coefficients of λ in (19) and (23), and recalling that b2q,q,p = 0,
we see that all cn,k,q = 0, as claimed. 
Proof of Theorem 13. Let us denote D = A(S2n−1)− (δA⊗ ℓB+ ℓB⊗ δN)k(χ). We
noted before that A(S2n−1) ∈ Sym
2AreaU(n). Also, by (11)
(δB⊗ℓB)k(χ) = (ℓB⊗ℓB)◦(glob ◦δ⊗id)k(χ) = (ℓB◦glob◦i)⊗(ℓB◦glob◦i)A(S2n−1)
is symmetric. This shows that D ∈ Sym2AreaU(n). Note also that, by (16)
(id⊗ glob)D = 0.
Hence,
D ∈ ker(id⊗ glob) ∩ Sym2 AreaU(n) ⊂ N ⊗N .
But D ∈ (B ⊗ B)⊕ (B ⊗N )⊕ (N ⊗ B) by Proposition 14, so D = 0. 
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